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Abstrat
We develop an analogue of geometri quantization for Poisson algebras obtained
by algebrai redution and apply it to generalize the results of Guillemin and
Sternberg on ommutation of quantization and redution.
______________________________________
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1 Introdution
For a proper and free Hamiltonian ation of a Lie group G on a sympleti manifold
(P, ω) the spae P/G of G-orbits in P is a manifold. If the ation of G on P is
proper but not free, P/G is a stratied spae. Its geometry is ompletely determined
by the ring C∞(P )G of G-invariant smooth funtions on P . The desription of the
orbit spae in terms C∞(P )G, alled singular redution, was initiated in examples by
Cushman [4℄ and abstratly formulated by Arms, Cushman and Gotay [2℄. If the
ation of G is not proper, then smooth G-invariant funtions need not separate orbits
and singular redution is inadequate.
In 1983 Weinstein and I introdued algebrai redution of the zero level of the
momentum map whih gives an interesting Poisson algebra even for an improper
ation [18℄. The extension of algebrai redution to non-zero levels of the momentum
map was given by Kimura [10℄, Wilbour [19℄ and Arms [1℄. For a free and proper
ation, all redution tehniques are equivalent. However, if the ation is not free, the
Poisson algebra of algebrai redution need not be an algebra of funtions even if the
group G is ompat [3℄.
In 1982 Guillemin and Sternberg proved that quantization and redution om-
mute if the ation of G is free and proper, (P, ω) is a ompat Kähler manifold [7℄.
∗
Revised version of referene [17℄
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Generalizations of this result to non-free ations have been studied by many authors,
see [12℄ and referenes quoted there.
Partially motivated by algebrai redution, Huebshmann developed a theory
of quantization of abstrat Poisson algebras [9℄. Beause of its generality, Hueb-
shmann's theory is rather diult to apply to speial ases. In partiular, for Pois-
son algebras of algebrai redution, it does not assume à priori relations between
the quantization struture of the original sympleti manifold and the quantization
struture of the redued Poisson algebra. Hene, it does not failitate a study of
ommutativity of quantization and algebrai redution.
The aim of this paper is to develop a theory of quantization of Poisson algebras
obtained by algebrai redution in terms of a quantization struture of the original
sympleti manifold. Our results provide a justiation for an ad ho quantization
of the example disussed in [18℄.
We disuss two speial ases. In the rst ase, we onsider quantization in terms
of a real polarization and assume that the momentum map is onstant along the
leaves of the polarization. We show that there is a natural duality between the spae
of generalized invariant setions of the original quantization and the representation
spae of the redued quantization. We illustrate this ase with an example of the
ation of G = R on the phase spae of a partile with one degree of freedom generated
by its kineti energy.
In the seond ase, we onsider quantization of a group ation on a Kähler man-
ifold P (not neessarily ompat) leading to a unitary quantization representation
U of G on a Hilbert spae H. For a quantizable o-adjoint orbit O, leading to an
irreduible unitary representation UO of G, we use quantization of algebrai redution
at O to onstrut a projetion operator onto the losed subspae of H on whih the
representation U is equivalent to a multiple (possibly innite) of UO. This is a gener-
alization of the results on ommutativity of quantization and redution obtained in
a ompat ase by Guillemin and Sternberg [7℄ and Meinrenken and Sjamaar [12℄.
It should be noted that proofs given here are quite simple. Yet, the obtained
results inorporate some of the results obtained in the program of researh on om-
mutativity of quantization and redution and generalize them to non-ompat setting.
This suggests that algebrai redution is a useful tool in studying the deomposition
of a quantization representation into irreduible omponents.
2 Sympleti manifolds and algebrai redution
In this setion, we review elements of sympleti geometry and algebrai redution.
The sign onvention used here follows referene [13℄.
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2.1 Sympleti manifolds
Let (P, ω) be a sympleti manifold. For every f ∈ C∞(P ), we denote by Xf the
Hamiltonian vetor eld of f dened by
Xf ω = −df, (1)
where denotes the left interior produt of vetors and forms. Non-degeneray of ω
ensures that Xf is well dened. Hamiltonian vetor elds preserve ω beause
£Xfω = Xf dω + d(Xf ω) = 0,
where £ denotes Lie derivative. The ommutator of two Hamiltonian vetor elds
Xf1 and Xf2 satises a relation
[Xf1 , Xf2] ω = −Xf1f2 = −d(ω(Xf1, Xf2)). (2)
The sympleti form ω on P gives rise to a Poisson braket on C∞(P ) dened by
{f1, f2} = −ω(Xf1, Xf2). (3)
Equation (2) implies that
[Xf1 , Xf2] ω = −X{f1,f2},
and
{f1, f2} = −Xf1f2. (4)
The Poisson braket satises Jaobi's identity
{f1, {f2, f3}}+ {f2, {f3, f1}}+ {f3, {f1, f2}} = 0,
and Leibniz' rule
{f1, f2f3} = f2{f1, f3}+ {f1, f2}f3
for all f1, f2, f3 ∈ C∞(P ). The ring C∞(P ) endowed with the Poisson braket given
by equation (3) is alled the Poisson algebra of (P, ω). The map f 7→ Xf is an anti-
homomorphism of the Lie algebra struture of the Poisson algebra C∞(P ) to the Lie
algebra of smooth vetor elds on P .
2.2 Momentum map
Let G be a onneted Lie group with Lie algebra g and
Φ : G× P → P : (g, p) 7→ Φg(p) ≡ gp (5)
be an ation of G on P . The ation Φ is free if gp = p implies that g is the identity
in G. The ation is proper if, for every onvergent sequene (pn) in P and a sequene
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(gn) in G, suh that the sequene (gnpn) onverges, the sequene (gn) has a onvergent
subsequene (gnk) and limn→∞(gnpn) = (limk→∞ gnk)(limn→∞ pn).
For eah ξ ∈ g, the ation of exp tξ on P gives rise to a vetor eld Xξ suh that
(Xξf)(x) =
d
dt
f((exp tξ)x)|t=0
for every f ∈ C∞(P ). The map ξ 7→ Xξ is an anti-homomorphism of g to the Lie
algebra of vetor elds on P .
A momentum map for the ation Φ of G on P is a map J : P → g∗ suh that Xξ
is the Hamiltonian vetor eld of Jξ = 〈J | ξ〉 for every ξ ∈ g, where 〈J | ξ〉 is the
evaluation of J on ξ. In other words,
Xξ = XJξ
for all ξ ∈ g. An ation of G on P is Hamiltonian if it admits an Ad∗-equivariant
momentum map J : P → g∗. The ondition that J is Ad∗-equivariant means that
Φ∗gJ = Ad
∗
gJ (6)
for every g ∈ G. For ξ, ζ ∈ g, equation (6) implies that
〈J ◦ Φexp tξ | ζ〉 = 〈Ad∗exp tξJ | ζ〉 = 〈J | Adexp(−tξ)ζ〉.
Dierentiating with respet to t and setting t = 0 we get
{Jξ, Jζ} = −XJξJζ = −
d
dt
〈J ◦ Φexp tξ | ζ〉|t=0 = − d
dt
〈J | Adexp(−tξ)ζ〉|t=0
= −J−[ξ,ζ] = J[ξ,ζ].
Thus, for a Hamiltonian ation of G on P , the map g → C∞(P ) : ξ 7→ Jξ is a Lie
algebra homomorphism.
2.3 Co-adjoint orbits
Let O ⊂ g∗ be a o-adjoint orbit of G. If µ ∈ O, then
O = {Ad∗gµ | g ∈ G}.
For eah ξ ∈ g, we denote by XξO the vetor eld on O indued by the o-adjoint
ation of exp tξ on g∗. The sympleti form ωO of O is given by
ωO(X
ξ
O(µ), X
ζ
O(µ)) = −〈µ | [ξ, ζ]〉
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for all ξ, ζ ∈ g and µ ∈ O. Let JO : O → g∗ denote the inlusion map, and
JOζ ∈ C∞(O) be given by JOζ(µ) = 〈JO(µ) | ζ〉 = 〈µ | ζ〉 for eah µ ∈ O and ζ ∈ g.
Then,
(XξOJOζ)(µ) = X
ξ
O(〈JO | ζ〉)(µ) =
d
dt
〈JO(Ad∗exp tξ(µ)) | ζ〉|t=0
=
d
dt
〈Ad∗exp tξµ | ζ〉|t=0 =
d
dt
〈µ | Adexp(−tξ)ζ〉|t=0
= 〈µ | −[ξ, ζ]〉 = ωO(XξO(µ), XζO(µ)).
Hene,
XζO ω = −dJOζ,
whih shows that JO is a momentum map for the o-adjoint ation of G on O.
2.4 Algebrai redution at 0 ∈ g∗
Let (P, ω) be a sympleti manifold, Φ : G × P → P a Hamiltonian ation on P of
a onneted group G, and J : P → g∗ an Ad∗-equivariant momentum map for this
ation. Let J be the assoiative ideal in C∞(P ) generated by omponents of J. In
other words, if (ξ1, ..., ξk) is a basis of the Lie algebra g of G, then
f ∈ J ⇐⇒ f =
k∑
j=1
fjJξj (7)
for some funtions f1, ..., fk ∈ C∞(P ). Let C∞(P )/J be the spae of equivalene
lasses of smooth funtions on P modulo J . For every f ∈ C∞(P ), the lass of f in
C∞(P )/J is
[f ] =
{
f +
k∑
j=1
fjJξj | f1, ..., fk ∈ C∞(P )
}
.
Sine the momentum mapping J is Ad∗-equivariant, it follows that
Φ∗g
(
k∑
j=1
fjJξj
)
=
k∑
j=1
(Φ∗gfj)JAdg(ξj)
for every g ∈ G. Hene, J is G-invariant, and there is an indued ation Φ˜∗ of G on
C∞(P )/J suh that
Φ˜∗g[f ] = [Φ
∗
gf ]
for every f ∈ C∞(P ) and g ∈ G. We denote by (C∞(P )/J )G the spae of G-invariant
elements of C∞(P )/J . If [f ] isG-invariant, [XJξf ] = [f ] for all ξ ∈ g. By assumption,
G is onneted so that
(C∞(P )/J )G = {[f ] ∈ C∞(P )/J | XJξf ∈ J for all ξ ∈ g}. (8)
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For [f1], [f2] ∈ C∞(P )/J , the produt [f1][f2] is dened by
[f1][f2] = [f1f2].
If [f1] and [f2] are G-invariant, then XJξ(f1f2) = (XJξf1)f2 + f1(Xξf2) ∈ J for every
ξ ∈ g. Hene, (C∞(P )/J )G is an assoiative subalgebra of C∞(P )/J . Moreover,
(C∞(P )/J )G is also a Poisson algebra with a Poisson braket dened by
{[f1], [f2]} = [{f1, f2}]. (9)
In order to see that the Poisson braket on (C∞(P )/J )G is well dened observe that,
if f1 = fJξ ∈ J and [f2] ∈ (C∞(P )/J )G, then
[{f1, f2}] = [{fJξ, f2}] = [f{Jξ, f2}+ {f, f2}Jξ] = 0
beause {Jξ, f2} = −XJξf2 ∈ J by equation (8). Moreover,
XJξ{f1, f2} = {XJξf1, f2}+ {f1, XJξf2}
for every f1, f2 ∈ C∞(P ) and ξ ∈ g. If [f1], [f2] ∈ (C∞(P )/J )G then XJξf1 and XJξf2
are in J and the above argument implies that Xξ{f1, f2} ∈ J . Hene, equation (9)
gives a well dened braket on (C∞(P )/J )G. Linearity, antisymmetry, Leibniz' rule
and Jaobi's identity of this braket follow from the orresponding properties of the
Poisson braket on C∞(P ).
The Poisson algebra (C∞(P )/J )G is the Poisson algebra of algebrai redution of
(P, ω) at the zero value of the momentum map J . For a free and proper Hamiltonian
ation of G on (P, ω), the orbits spae J−1(0)/G is a sympleti manifold, alled
a Marsden-Weinstein redued spae, and the the Poisson algebra (C∞(P )/J)G is
isomorphi to the Poisson algebra C∞(J−1(0)/G), [18℄.
2.5 Algebrai redution at non-zero orbits.
Consider now a non-zero o-adjoint orbit O = {Ad∗gµ | g ∈ G}. We denote by Gµ the
isotropy group of µ. In other words,
Gµ = {g ∈ G | Ad∗gµ = µ}.
If the ation of G on P is free and proper, then J−1(µ)/Gµ is a sympleti manifold,
[11℄. Moreover, there is a bijetion between J−1(O)/G and J−1(µ)/Gµ whih an be
used to dene a sympleti struture on J−1(O)/G, [5℄.
Consider next the produt P × O with projetions pr1 : P × O → P and pr2 :
P × O → O. The form
ωP×O = pr
∗
1ω − pr∗2ωO
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on P × O is sympleti. The Hamiltonian ation of G on P with a momentum map
J : P → g∗ indues a Hamiltonian ation
G× (P × O)→ P ×O : (g, (p, ν)) 7→ (Φg(p), Ad∗g−1ν),
with a momentum map
JP×O : P × O → g∗ : (p, ν) 7→ J(p)− ν. (10)
There is a natural homomorphism between J−1(O) and J−1P×O(0) intertwining the
ations of G on both spaes. If the ation of G on P is free and proper, then the orbit
spaes J−1(µ)/Gµ and J
−1
P×O(0)/G are sympletomorphi, [8℄. For a free and proper
ation, the isomorphi sympleti manifolds J−1(µ)/Gµ, J
−1(O)/G and J−1P×O(0)/G
are interpreted as redued phase spaes.
Algebrai redution at a non-zero orbit O was originally dened by Kimura [10℄
and Wilbour [19℄ as follows. Consider the ideal J µ in C∞(P ) generated by ompo-
nents of J − µ : P → g∗. In other words,
J µ =
{
k∑
j=1
fj〈J − µ | ξj〉 | f1, ..., fk ∈ C∞(P )
}
.
Let
N (J µ) = {f ∈ C∞(P ) | {f, h} ∈ J µ for all h ∈ J µ}.
The quotient N (J µ)/(J µ ∩ N (J µ)) has the struture of a Poisson algebra, It is
interpreted as the Poisson algebra obtained by algebrai redution of J−1(µ).
Using analogy with regular redution, Arms dened algebrai redution at O to
be algebrai redution at 0 ∈ g∗ of the Hamiltonian ation of G on P × O. If
JP×O denotes the ideal generated by omponents of JP×O, algebrai redution of
J−1P×O(0) gives a Poisson algebra (C
∞(P × O)/JP×O)G. Arms proved that if Gµ is
onneted, then Poisson algebras N (J µ)/(J µ ∩ N (J µ)) and (C∞(P × O)/JP×O)G
are isomorphi, [1℄.
In the following we use Arms' denition of algebrai redution at non-zero o-
adjoint orbits. In other words, for a non-zero o-adjoint orbitO, we interpret (C∞(P×
O)/JP×O)G as the Poisson algebra obtained by algebrai redution at O.
3 Redued quantization at 0 ∈ g∗
In this setion we provide an algebrai analogue of geometri quantization of redued
Poisson algebras desribed in Setion 2.4. The basi idea is to replae the prequanti-
zation line bundle pi : L→ P be the spae S∞(L) of setions of pi and use tehniques
of algebrai geometry to onstrut the redued spae and the redued quantization
map.
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3.1 Prequantization
We onsider here a prequantization struture on (P, ω) given by a omplex line bundle
pi : L→ P , with onnetion ∇ suh that the urvature form of ∇ is −h−1ω, where h is
Plank's onstant, and a onnetion invariant Hermitian form 〈·|·〉. The orresponding
prequantization map is given by
P : C∞(P )× S∞(L)→ S∞(L) : (f, σ) 7→ Pfσ = (−i~∇Xf + f)σ, (11)
where ~ = h/2pi. For eah f ∈ C∞(P ), suh that the Hamiltonian vetor eld Xf
is omplete, the operator Pf is skew adjoint on the spae of setions of λ that are
square integrable with respet to the salar produt
(σ1|σ2) =
∫
P
〈σ1|σ2〉ωn, (12)
where n = 1
2
dimP .
Restriting the prequantization map P to the Poisson algebra spanned by Jξ, for
ξ ∈ g, we get a representation ξ 7→ (−i~)−1PJξ of g on S∞(L). This representation
integrates to a representation
T : G× S∞(L)→ S∞(L) : (g, σ) 7→ Tgσ
of G on S∞(L), alled the prequantization representation. The prequantization rep-
resentation T is unitary on the spae of setions of pi : L → P whih are square
integrable with respet to the salar produt (12).
The spae S∞(L) of setions of the line bundle is a module over the ring C∞(P )
of smooth funtions on P . We want to onstrut from S∞(L) a module over the
quotient ring C∞(P )/J . This onstrution is an algebrai analogue of the restrition
of the line bundle to J−1(0). Let
JS∞(L) = span{fσ | f ∈ J , σ ∈ S∞(L)}.
For every [σ] ∈ S∞(L)/J S∞(L) and [f ] ∈ C∞(P )/J , the lass [fσ] in S∞(L)/J S∞(L)
is independent of representatives f of [f ] and σ of [σ]. Hene, S∞(L)/J S∞(L) is a
module over C∞(P )/J with [f ][σ] = [fσ].
Proposition 1 The prequantization representation T of G on S∞(L) indues a rep-
resentation of G on S∞(L)/J S∞(L) given by
G× S∞(L)/J S∞(L)→ S∞(L)/J S∞(L) : (g, [σ]) 7→ [Tgσ]. (13)
A lass [σ] ∈ S∞(L)/J S∞(L) is G-invariant if
PJξσ ∈ J S∞(L) for all ξ ∈ g.
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Proof. In order to show that the map in equation (13) is well dened we need to
show that, for every g ∈ G, the map Tg : S∞(L)→ S∞(L) preserves J S∞(L). Sine
G is onneted, it sues to show that PJξσ ∈ J S∞(L) for all σ ∈ J S∞(L) and
ξ ∈ g. Consider Jζσ ∈ J S∞(L). Using equation (11) we get, for eah ξ ∈ g,
PJξ(Jζσ) = (−i~∇XJξ + Jξ)(Jζσ) = Jζ(−i~∇XJξ + Jξ)σ − i~(XJξJζ)σ
= Jζ(−i~∇XJξ + Jξ)σ − i~J[ξ,ζ]σ ∈ J S∞(L).
Hene, Tg maps J S∞(L) to itself for all g ∈ G. Thus, the map (g, [σ]) 7→ [Tgσ] is
well dened for all g ∈ G. It is a representation of G on S∞(L)/J S∞(L) beause T
is a representation.
Sine G is onneted, G-invariane of [σ] ∈ S∞(L)/J S∞(L) is a onsequene of
invariane of [σ] under one parameter sugroups of G. Hene, [σ] is G-invariant if
[PJξσ] = 0 for all ξ ∈ g. This is equivalent to PJξσ ∈ J S∞(L) for all ξ ∈ g.
In the ase of prequantization of regular redution at 0 ∈ g∗, the redued spae of
wave funtions is the spae of G-invariant setions The next step of prequantization
orresponds to pushing forward L|J−1(0) to J
−1(0)/G. It is usually done in terms
of G-invariant setions of L|J−1(0). An algebrai redution analogue of the spae of
G-invariant setions of L|J−1(0) is the spae
(S∞(L)/J S∞(L))G = {[σ] ∈ S∞(L)/J S∞(L) | PJξσ ∈ JS∞(L)} (14)
of G-invariant elements of S∞(L)/J S∞(L). It plays the role of the spae of wave
funtions in quantization of algebrai redution at 0 ∈ g∗.
Theorem 2 (S∞(L)/J S∞(L))G is a module over the ring (C∞(P )/J )G. Moreover,
the algebraially redued prequantization map
(C∞(P )/J )G×(S∞(L)/J S∞(L))G → (S∞(L)/J S∞(L))G : ([f ], [σ]) 7→ P[f ][σ]
given by
P[f ][σ] = [Pfσ], (15)
where f is any representative of [f ] and σ is any representative of [σ], is well dened.
Proof. We know that S∞(L)/J S∞(L) is a module over C∞(P )/J . If [f ] ∈ (C∞(P )/J )G
and [σ] ∈ (S∞(L)/J S∞(L))G then XJξf ∈ J and PJξσ ∈ J S∞(L) for all ξ ∈ g.
Hene, PJξ(fσ) = −i~(XJξf)σ + fPJξσ ∈ J Γ∞(L) for all ξ ∈ g. This implies
that [f ][σ] = [fσ] is G-invariant. Hene, (S∞(L)/J S∞(L))G is a module over
(C∞(P )/J )G.
To show that the redued prequantization map is well dened it sues to show
that, for every [σ] ∈ (S∞(L)/JS∞(L))G and [f ] ∈ (C∞(P )/J )G, the equivalene
lass [Pfσ] is in (S∞(L)/J S∞(L))G and it does not depend on the hoie of represen-
tatives f of [f ] and σ of [σ]. Sine [σ] ∈ (S∞(L)/J S∞(L))G it follows that, for every
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representative σ of [σ], PJξσ ∈ J S∞(L) for all ξ ∈ g. Similarly, [f ] ∈ (C∞(P )/J )G
implies that XJξf ∈ J for every representative f of [f ]. For [f ] ∈ (C∞(P )/J )G and
Jξσ ∈ J S∞(L),
Pf(Jξσ) = (−i~∇Xf + f)(Jξσ) = Jξ(−i~∇Xf + f)σ − i~(XfJξ)σ
= Jξ(−i~∇Xf + f)σ + i~(XJξf)σ ∈ J Γ∞(L).
This implies that, for f ∈ [f ], Pf maps J S∞(L) to itself. Hene, [Pfσ] does not
depend the representative σ of [σ]. For Jξf ∈ J , and [σ] ∈ (S∞(L)/J S∞(L))G,
equation (11) yields
PJξfσ = (−i~∇XJξf + Jξf)σ
= −i~Jξ∇Xfσ + i~fPJξσ ∈ J S∞(L).
Hene, [Pfσ] does not depend on the representative f of [f ]. Combining these results,
we onlude that the equivalene lass [Pfσ] depends only on [σ] ∈ (S∞(L)/J S∞(L))G
and [f ] ∈ (C∞(P )/J )G.
It remains to show that [Pfσ] ∈ (S∞(L)/J S∞(L))G. For, ξ ∈ g, [f ] ∈ (C∞(P )/J )G
and [σ] ∈ (S∞(L)/JS∞(L))G ,
PJξPfσ = PfPJξσ + [PJξ ,Pf ]σ.
But [σ] ∈ (S∞(L)/J S∞(L))G implies PJξσ ∈ J S∞(L) so that PfPJξσ ∈ J S∞(L)
by the rst part of the proof. On the other hand,
[PJξ ,Pf ]σ = −i~P{Jξ ,f}σ = −i~(−i~∇X{Jξ,f} + {Jξ, f})σ.
Sine [f ] ∈ (C∞(P )/J )G it follows that {Jξ, f} = −XJξf ∈ J . Hene, {Jξ, f} =∑
j fjJζj for some fj ∈ C∞(P ) and ζj ∈ g. Moreover, Xf1f2 = f1Xf2 + f2Xf1 implies
that ∑
j
∇XfjJζj =
∑
j
(fj∇XJζj + Jζj∇Xfj ).
Therefore,
(−i~∇X{Jξ,f} + {Jξ, f})σ =
∑
j
(
−i~(fj∇XJζj + Jζj∇Xfj ) + fjJζj
)
σ
=
∑
j
(
(fjPJζj − i~Jζj∇Xfj
)
σ ∈ J S∞(L),
beause [σ] ∈ (S(L)/J S∞(L))G. Hene, [Pfσ] ∈ (S∞(L)/J S∞(L))G. This om-
pletes the proof of Theorem 2.
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3.2 Polarization
A polarization of a sympleti manifold (P, ω) is an involutive omplex Lagrangian
distribution F on P . Let F¯ denote the omplex onjugate of F . A polarization F
is strongly admissible if D = F ∩ F¯ ∩ TP and E = (F + F¯ ) ∩ TP are involutive
distributions, spaes P/D and P/E of leaves of D and E, respetively, are quotient
manifolds of P and the anonial projetion X/D → X/E is a submersion. For a
strongly admissible polarization F , leaves of D have struture of ane manifolds. If
leaves of D are omplete in their ane struture, we say that F is omplete.
We assume here that (P, ω) is endowed with a strongly admissible omplete po-
larization F . The spae of polarized setions of L is
S∞F (L) = {σ ∈ S∞(L) | ∇uσ = 0 for all u ∈ F}.
It is a module over the ring C∞F (P )
0
onsisting of smooth funtions on P whih are
annihilated by F . In other words,
C∞F (P )
0 = {f ∈ C∞(P ) | uf = 0 for all u ∈ F}.
Funtions in C∞(P ), suh that their Hamiltonian vetor elds preserve F , form
a Poisson subalgebra C∞F (P ) of C
∞(P ). In other words, a funtion f is in C∞F (P )
if, for every vetor eld X on P with values in F , the braket [Xf , X ] has values in
F . Clearly, C∞F (P )
0
is ontained in C∞F (P ). A funtion f ∈ C∞(P ) is quantizable
in terms of the polarization F if it belongs to C∞F (P ). The quantization map Q is
obtained from the prequantization map P by restriting its domain to C∞F (P )×S∞F (L)
and o-domain to S∞F (L). In other words,
Q : C∞F (P )× S∞F (L)→ S∞F (L) : (f, σ) 7→ Qfσ = Pfσ. (16)
We assume that the ation Φ of G on P, given by (5), preserves F . Then, for every
ξ ∈ g, the momentum Jξ is in C∞F (P ) and the map ξ 7→ (−i~)−1QJξ is a representation
of g on S∞F (L). This representation integrates to a linear representation ofG on S
∞
F (L)
denoted by
R : G× S∞F (L)→ S∞F (L) : (g, σ) 7→ Rgσ, (17)
and alled a quantization representation of G. Sine the group G is onneted, a
setion σ ∈ S∞F (L) is G-invariant if QJξσ = 0 for all ξ ∈ g.
Let Σ : S∞(L) → S∞(L)/J S∞(L) : σ 7→ Σ(σ) = [σ] be the natural projetion.
We denote by S∞F (L)/J S∞(L) the image of S∞F (L) under Σ. It an be identied with
S∞F (L)/(S
∞
F (L) ∩ J S∞(L)). In other words,
S∞F (L)/J S∞(L) = Σ(S∞F (L)) = S∞F (L)/(S∞F (L) ∩ J S∞F (L)).
The representation spae of quantization of algebrai redution at 0 ∈ g∗ is the spae
(S∞F (L)/J S∞(L))G = {[σ] ∈ S∞F (L)/JS∞(L) | QJξσ ∈ J S∞(L) for all ξ ∈ g}
(18)
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of G-invariant elements in S∞F (L)/J S∞(L).
Let C∞F (P )
0/J be the image of C∞F (P )0 under the natural projetion C∞(P )→
C∞(P )/J . We denote by (C∞F (P )0/J )G the spae of invariant elements in C∞F (P )0/J .
Proposition 3 (C∞F (P )
0/J )G is a ring and (S∞F (L)/J S∞(L))G is a module over
(C∞F (P )
0/J )G.
Proof. Ring struture of (C∞F (P )
0/J )G follows from the fat that C∞F (P )0 is a
ring. By denition, [f ] ∈ (C∞F (P )0/J )G has a representative f ∈ C∞F (P ) suh that
XJξf ∈ J for all ξ ∈ g. Similarly, [σ] ∈ (S∞F (L)/J S∞(L))G has a representative in
S∞F (L) suh that PJξσ ∈ J S∞(L) for all ξ ∈ g. Sine [f ][σ] = [fσ], where fσ ∈ S∞F (L)
and PJξ(fσ) = fPJξ(σ) − i~(Xξf)σ ∈ J S∞(L) for all ξ ∈ g, it follows that [f ][σ] ∈
(S∞F (L)/J S∞(L))G. Therefore, (S∞F (L)/J S∞(L))G is a module over (C∞F (P )0/J )G .
An element [f ] of (C∞(P )/J)G is quantizable in terms of the polarization F if
it has a representative f ∈ C∞F (P ). Quantizable elements of (C∞(P )/J )G form a
Poisson subalgebra
(C∞F (P )/J )G = {[f ] ∈ (C∞(P )/J )G | f ∈ C∞F (P )}.
Theorem 4 The algebraially redued quantization map
(C∞F (P )/J )G×(S∞F (L)/J S∞(L))G → (S∞F (L)/J S∞(L))G : ([f ], [σ]) 7→ Q[f ][σ]
given by
Q[f ][σ] = [Qfσ]
is well dened. Moreover,
Q[f ][σ] = P[f ][σ] = [Pfσ],
for all [f ] ∈ (C∞F (P )/J )G and [σ] ∈ (S∞F (L)/J S∞(L))G.
Proof. By denition, [f ] ∈ (C∞F (P )/J )G has a representative f ∈ C∞F (P ) and the
Hamiltonian vetor eld Xf of f preserves F . Similarly, [σ] ∈ (S∞F (L)/JS∞(L))G
has a representative σ ∈ S∞F (L). It follows that Qfσ is in S∞F (L), so that [Qfσ] ∈
S∞F (L)/J S∞(L). But, Qfσ = Pfσ, and we have shown in Theorem 2 that [Pfσ] ∈
(S∞(L)/J S∞(L))G and that [Pfσ] is independent of the hoie of representatives of
[f ] and of [σ]. Hene, [Qfσ] lies in
(S∞(L)/J S∞(L))G ∩ (S∞F (L)/J S∞(L)) = (S∞F (L)/J S∞(L))G
and it is independent of the hoie of representative of [f ] and of [σ]. Thus, the
redued quantization map is well dened. On the other hand, Qfσ = Pfσ implies
that
Q[f ][σ] = [Qfσ] = [Pfσ] = P[f ][σ].
This ompletes proof of Theorem 4.
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3.3 Kähler polarizations
A polarization F is alled Kähler if it is purely imaginary, i.e. F¯ ∩ F = 0, and
iω(w, w¯) > 0 for all non-zero w ∈ F . In this ase, (P, ω) is a Kähler manifold, F is
the distribution of antiholomorphi diretions, L is a holomorphi line bundle over
P and S∞F (L) onsists of holomorphi setions. Holomorphi setions of L whih are
square integrable with respet to the volume form ωn, where 2n = dimP , form a
Hilbert spae H. In this ase, the linear representation R of G on S∞F (L) restrits to
a unitary representation U of G on H.
Lemma 5 Let F be a Kähler polarization of (P, ω) and let J : P → g∗ be a mo-
mentum map for a Hamiltonian ation of G on P . If J−1(0) ontains a Lagrangian
submanifold of (P, ω) then S∞F (L) ∩ J S∞(L) = 0.
Proof. Eah σ ∈ S∞F (L) ∩ J S∞(L) is a holomorphi setion of L whih vanishes on
J−1(0). Sine J−1(0) ontains a Lagrangian submanifold it follows that all derivatives
of σ vanish on J−1(0). Hene, σ = 0.
Let S∞F (L)
G
denote the spae of G-invariant setions of S∞F (L). Sine G is on-
neted, it follows that
S∞F (L)
G = {σ ∈ S∞F (L) | QJξσ = 0 for all ξ ∈ g}.
Theorem 6 Let F be a G-invariant Kähler polarization of (P, ω) and let J : P →
g
∗
be a momentum map for the ation of G on (P, ω) suh that J−1(0) ontains a
Lagrangian submanifold of (P, ω). Then, the map
Ξ : S∞F (L)
G → (S∞F (L)/J S∞(L))G : σ 7→ [σ]
is an isomorphism of vetor spaes suh that, for eah G-invariant funtion f ∈
C∞F (P ),
Ξ ◦ Qf = Q[f ] ◦ Ξ.
Proof. By denition, S∞F (L)/J S∞(L) = Σ(S∞F (L)), where Σ is the natural pro-
jetion from S∞(L) to S∞(L)/J S∞(L). If σ ∈ S∞F (L) is G-invariant, then QJξσ =
0 ∈ J S∞(L) for all ξ ∈ g and equation (18) implies that [σ] ∈ (S∞F (L)/J S∞(L))G.
Hene, Ξ is the restrition of Σ to domain S∞F (L)
G
and odomain (S∞F (L)/J S∞(L))G .
We rst show that Ξ is one-to one. Suppose that [σ] ∈ S∞F (L)/J S∞F (L) has two
representatives σ and σ′ in S∞F (L). Sine S
∞
F (L) is a vetor spae, it follows that
σ − σ′ is in S∞F (L). On the other hand, [σ] = [σ′] implies that σ − σ′ ∈ JS∞(L).
Hene, σ − σ′ ∈ S∞F (L) ∩ J S∞(L). Lemma 5 implies that σ − σ′ = 0. Thus eah
element [σ] ∈ (S∞F (L)/J S∞(L)) has a unique representative σ ∈ S∞F (L).
We need to show that Ξ is onto (S∞F (L)/J S∞(L))G. Eah [σ] ∈ (S∞F (L)/J S∞(L))G
has a representative σ ∈ S∞F (L) suh that QJξσ ∈ J S∞(L) for all ξ ∈ g. On the other
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hand, QJξσ ∈ S∞F (L). Hene, QJξσ ∈ S∞F (L) ∩ J S∞(L) = 0. Thus, σ is G-invariant
whih implies that Ξ maps S∞F (L)
G
onto (S∞F (L)/J S∞(L))G.
For every G-invariant funtion f ∈ C∞F (P ), the lass [f ] is in (C∞F (P )/J )G.
Moreover, for eah σ ∈ S∞F (L)G, [σ] = Ξ(σ) ∈ (S∞F (L)/J S∞(L))G and Qfσ ∈
S∞F (L)
G. Hene,
Q[f ] ◦ Ξ(σ) = Q[f ][σ] = [Qfσ] = Ξ ◦ Qfσ,
whih ompletes the proof.
3.4 Generalized invariant setions
In this setion we disuss another speial ase when the polarization F is real, that is
F = D⊗C, where D is an involutive Lagrangian distribution on (P, ω). We assume,
that the spae Q of integral manifolds of D is a manifold of P and the natural
projetion map ϑ : P → Q, assoiating to eah p ∈ P the integral manifold Λ of D
through p, is a submersion. This implies that, for eah integral manifold Λ of D, the
onnetion ∇ on L indues a at onnetion on the restrition L|Λ of L to Λ. Further,
we assume vanishing of the holonomy of the at onnetion on L|Λ for every integral
manifold Λ of D. Under these assumptions, the parallel transport in L along integral
manifolds of D denes an equivalene relation ˜ on L. The quotient L˜ = L/˜ has
the struture of a omplex line bundle over Q. Let p˜i : L˜→ Q denote the projetion
map assoiating to eah equivalene lass in L˜ the orresponding integral manifold
Λ ∈ Q. Further, let λ : L→ L˜ be the anonial projetion assoiating to eah z ∈ L
its equivalene lass λ(z) ∈ L˜. Then, p˜i ◦ λ = ϑ ◦ pi and, for eah p ∈ P , the map λ
restrits to an isomorphism of the bre Lp onto the bre L˜ϑ(p).
Conider a setion σ ∈ S∞F (L). Sine F = D ⊗ C, it follows that σ is ovariantly
onstant along D, and λ(σ(p1)) = λ(σ(p2)) if p1 and p2 are in the same integral
manifold Λ of D. Hene, σ ∈ S∞F (L) indues a smooth setion σ˜ of p˜i : L˜ → Q suh
that λ ◦ σ = σ˜ ◦ ϑ. Conversely, for a setion σ˜ of p˜i : L˜ → Q, there exists a unique
setion σ of pi : L → P ovariantly onstant along D and suh that λ ◦ σ = σ˜ ◦ ϑ.
Sine σ is ovariantly onstant along D it is ovariantly onstant along F = D ⊗ C.
We refer to σ as the horizontal lift of σ˜ and write σ = lift σ˜. The map σ˜ 7→ lift σ˜ is
a vetor spae isomorphism of the spae S∞(L˜) of smooth setions of L˜ onto S∞F (L).
Moreover, lift f˜ σ˜ = (ϑ∗f˜)lift σ for every f˜ ∈ C∞(Q).
We assume that the ation of G on (P, ω) preserves D. Moreover, we assume that
the momentum map J : P → g∗ is onstant along D. In this ase, for eah ξ ∈ g and
σ ∈ S∞F (L),
QJξσ = Jξσ.
Hene, a setion σ ∈ S∞F (L) is G-invariant if and only if Jσ = 0 and, therefore,
the support of σ is ontained in J−1(0). We assume here that J−1(0) is a proper
losed subset of P with empty interior. In this ase, only the zero setion in S∞F (L)
is G-invariant, and we are interested in G-invariant generalized setions.
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We assume that there is a volume form dV on Q and denote by H˜ the Hilbert
spae of setions of L˜ whih are square integrable with respet to dV . Using the
isomorphism lift : S∞(L˜) → S∞F (L), we an lift the salar produt on S∞(L˜) to a
salar produt (· | ·) on S∞F (L). Consider the spae
D = {σ ∈ S∞F (L) | (σ | σ) <∞}.
Let H be the ompletion of D with respet to the norm √(σ | σ) and let D′ be the
topologial dual of D. Clearly, D ⊂ H ⊂ D′ and S∞F (L) ∩ H = D.
We assume that, for eah ξ ∈ g, the operator QJξ on S∞F (L) preserves D. Hene
it extends to a self adjoint operator on H and gives rise to a dual operator Q′Jξ on D′
suh that, for every ξ ∈ g, ϕ ∈ D′ and σ ∈ D,
〈Q′Jξϕ | σ〉 = 〈ϕ | QJξσ〉,
where 〈· | ·〉 denotes the evaluation map. The spae of generalizedG-invariant setions
is
kerQ′J = {ϕ ∈ D′ | Q′Jξϕ = 0 for all ξ ∈ g}.
On the other hand, the range of QJ in D is
range QJ = {
k∑
j=1
QJξjσj | σ1, ..., σk ∈ D} (19)
= {
k∑
j=1
Jξjσj | σ1, ..., σk ∈ D} = JD, (20)
where (ξ1, ..., ξk) is a basis in g.
Lemma 7 The lass [σ] ∈ S∞(L)/J S∞(L) of σ ∈ S∞(L) is uniquely determined by
the restrition of σ to any open set ontaining J−1(0).
Proof. Suppose that (sup port σ) ∩ J−1(0) = ∅. Hene, for eah p ∈ sup port σ,
there exists a neighbourhood Up of p and ξp ∈ g suh that Jξp does not vanish on Up.
Therefore, we an write
σ|Up = Jξp|Up(Jξp|Up)
−1σ|Up =
k∑
j=1
cjpJξj |Up(Jξp|Up)
−1σ|Up,
where cjp are omponents of ξp with respet to a basis (ξ1, ..., ξk) of g.
The family of open sets {Up | p ∈ sup port σ} together with the omplement U0
of sup port σ form a over of P . Let {Upα | α ∈ A} be a loally nite subover of P
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and {fα | α ∈ A} a orresponding partition of unity on P . Sine sup port fα ⊆ Upα,
it follows that fαJξj |Upα = Jξjfα. Therefore,
σ =
∑
α∈A
fασ|Upα =
∑
α∈A
fα
k∑
j=1
cjpαJξj |Upα (Jξpα |Upα )
−1σ|Upα
=
k∑
j=1
Jξj
∑
α∈A
fαc
j
pα(Jξpα |Upα )
−1σ|Upα ∈ J S∞(L)
beause
∑
α∈A fαc
j
pα(Jξpα |Upα )
−1σ|Upα are smooth setions of L for j = 1, ..., k. Hene,
[σ] = 0.
Suppose now σ and σ′ in S∞(L) are suh that σ oinides with σ′ in an open set
U ontaining J−1(0). Then (σ − σ′)|U = 0 and, by the argument above, [σ − σ′] = 0.
Hene, [σ] = [σ′].
We an now state and prove the main result of this subsetion.
Theorem 8 Suppose that ϑ(J−1(0)) has ompat losure. Then, under the assump-
tions made above,
(S∞F (L)/J S∞(L))G = D/range QJ .
Proof. Sine ϑ : P → Q is a submersion, every point p ∈ P is in the image of a loal
setion τ of ϑ. Let τα : Uα → P be a family of setions of ϑ labelled by an index
set A suh that their domains form a loally nite overing of Q, and let {fα} be a
partition of unity on Q suh that sup port fα ⊆ Uα for eah α ∈ A.
Consider σ ∈ S∞F (L) suh that [σ] = 0. Then
σ =
k∑
j=1
Jξjσj (21)
for some σ1, ..., σk ∈ S∞(L). We want to show that the assumption that σ ∈ S∞F (L),
we may hoose setions σ1, ..., σk in S
∞
F (L). Equation (21) implies
λ ◦ σ ◦ τα =
k∑
j=1
(Jξj ◦ τα)λ ◦ σj ◦ τα (22)
for eah α ∈ A. Sine τα is a setion of ϑ, it follows that λ◦σ ◦ τα = σ˜ ◦ϑ◦ τα = σ˜|Uα.
Moreover, sine J is onstant along bres of ϑ, it denes a smooth map J˜ : Q→ g∗
suh that J = J˜ ◦ ϑ. Finally,
σ˜′j =
∑
α∈A
fα(λ ◦ σj ◦ τα)
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is a smooth setion of p˜i : L˜→ Q for eah j = 1, ..., k. Hene, for eah q ∈ Q,
σ˜(q) =
∑
α∈A
fα(q)σ˜(q) =
∑
α∈A
fα(q)
k∑
j=1
Jξj (τα(q))(λ ◦ σj ◦ τα)(q)
=
k∑
j=1
J˜ξj(q)
∑
α∈A
fα(q)(λ ◦ σj ◦ τα) =
k∑
j=1
J˜ξj (q)σ˜
′
j(q).
Therefore,
σ˜ =
k∑
j=1
J˜ξj σ˜
′
j . (23)
For eah j = 1, ..., k, the horizontal lift σ′j of σ˜
′
j is in S
∞
F (L). By onstrution,
σ = lift σ˜.T Hene, σ =
∑k
j=1(J˜ξj ◦ϑ)σ′j =
∑k
j=1 Jξjσ
′
j , where σ
′
j ∈ S∞F (L). Thus, we
have shown that
S∞F (L)/J S∞(L) = S∞F (L)/J S∞F (L).
Sine ϑ(J−1(0)) is ompat, there exists an open set V in Q with ompat losure
V¯ suh that ϑ(J−1(0)) ⊆ V . For every smooth setion σ˜ of p˜i : L˜ → Q, there exists
a ompatly supported setion σ˜′ whih oinides with σ on ϑ−1(V ). The horizontal
lifts σ and σ′ of σ˜ and σ˜′, respetively, oinide on ϑ−1(V ) and Lemma [?℄ implies
that [σ] = [σ′]. Sine σ˜′ is ompatly supported, it follows that it is square integrable
over Q. Hene, σ′ ∈ S∞F (L) ∩H = D. Therefore,
S∞F (L)/J S∞F (L) = D/J S∞F (L),
where D/J S∞(L) is the image of D under the projetion S∞F (L)→ S∞F (L)/J S∞F (L).
Suppose now that σ˜ in equation (23) is ompatly supported. Multiplying equa-
tion (23) by a ompatly supported funtion f˜ , suh that f˜|sup port σ˜ = 1, we see that
equation (23) holds with ompatly supported setions f˜ σ˜′1, ..., f˜ σ˜
′
k on the right hand
side. This implies that
D/J S∞F (L) = D/JD.
Finally, onsider the spae (S∞F (L)/J S∞F (L))G ofG-invariant elements in S∞F (L)/J S∞F (L).
By denition, it onsists of [σ] ∈ S∞F (L)/J S∞F (L) suh that QJξσ ∈ J S∞F (L) for eah
ξ ∈ g. However, for our polarization F , eah operator QJξ is an operator of multipli-
ation by Jξ. In other words, QJξσ = Jξσ for eah σ ∈ S∞F (L). Taking into aount
equation (19), we obtain
(S∞F (L)/J S∞(L))G = S∞F (L)/J S∞F (L) = D/JD = D/range QJ
whih ompletes the proof.
Corollary 9 There is a natural duality between (S∞F (L)/J S∞(L))G and kerQ′J ⊂
D′.
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Proof. There is a natural duality between kerQ′J ⊂ D′ and D/range QJ suh that,
the evaluation of ϕ ∈ kerQ′J on the lass {σ} ∈ D/range QJ of σ ∈ D is given by
〈ϕ | {σ}〉 = 〈ϕ | σ〉.
But (S∞F (L)/J S∞(L))G = D/range QJ by Theorem 8.
3.5 Example: the ground state of a free partile.
In this subsetion we give an example of quantization of algebrai redution for an
improper ation of a Lie group.
3.5.1 Quantization representation
Consider P = R2, with oordinates (p, q), and a sympleti form ω = dp ∧ dq. The
ation of G = R is Φt(p, q) = (p, q + tp) for all t ∈ G and (p, q) ∈ P . This ation is
Hamiltonian with the momentum map J : P 7→ g = R given by the Hamiltonian of
a free partile with unit mass. In other words,
J(p, q) =
1
2
p2. (24)
The xed point set of this ation is the zero level set
J−1(0) = {(p, q) | p = 0} ∼= R.
Sine R is not ompat it follows that the ation Φ is not proper.
We take L = P × C with a trivializing setion σ0 suh that
σ0(p, q) = ((p, q), 1)
for all (p, q) ∈ P . The usual Shrödinger (position) representation is obtained by
hoosing a onnetion ∇ suh that ∇σ0 = −i~−1pdq⊗σ0, and a vertial polarization
spanned by
∂
∂p
. However, the vertial polarization is not preserved by our group
ation. Therefore, we hoose a momentum representation given by a polarization
F = span{ ∂
∂q
} ⊗ C, see [?℄. Consider a trivializing setion σ1 = exp(i~−1pq)σ0. We
have
∇σ1 = ∇{exp(i~−1pq)σ0} = d{exp(i~−1pq)} ⊗ σ0 + exp(i~−1pq)∇σ0
= i~−1qdp⊗ exp(i~−1pq)σ0 = i~−1qdp⊗ σ1.
In partiular, ∇ ∂
∂q
σ1 = 0 whih implies that the spae of setions of L that are
ovariantly onstant along F is
S∞F (L) = {ψ(p)σ1 | ψ ∈ C∞(R)}.
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The Poisson algebra of quantizable funtions is
C∞F (P ) = {h1(p) + qh2(p) | h1, h2 ∈ C∞(R)}.
For eah f ∈ C∞F (P ), the orresponding quantum operator on S∞F (L) is given by
Qf (ψσ1) = (−i~∇Xf + f)(ψσ1) = {−i~(Xfψ) + (f + 〈qdp | Xf〉)}σ1.
Sine Xh1(p) =
∂h1
∂p
∂
∂q
, it follows that Qh1(p) is the operator of multipliation by h1(p).
In other words,
Qh1(p)(ψσ1) = h1(p)ψ(p)σ1. (25)
Similarly, Xqh2(p) = q
∂h2
∂p
∂
∂q
− h2(p) ∂∂p and
Qqh2(p)(ψσ1) = −i~h2(p)
dψ(p)
dp
σ1. (26)
The momentum map J = 1
2
p2 gives rise to an operator QJ of multipliation by J .
In other words,
QJσ = Jσ (27)
for all σ ∈ S∞F (L). For eah t ∈ R, onsidered as the Lie algebra of R, the orre-
sponding momentum is Jt = tJ , and the innitesimal representation t 7→ (−i~)−1QtJ
integrates to a representation R of R on S∞F (L) given by
Rtψ(p)σ1 = exp(−i~−1tJ(p))ψ(p)σ1. (28)
The representation (28) gives rise to a unitary representation U of R on
H = {ψ(p)σ1 | ψ ∈ L2(R)}
with a salar produt
(ψ1(p)σ1, ψ2(p)σ1) =
∫
R
ψ¯1(p)ψ2(p)dp.
For eah t ∈ R, and ψ(p)σ1 ∈ H,
Utψ(p)σ1 = exp(−i~−1tJ(p))ψ(p)σ1.
Let D = S∞F (L) ∩ H and D′ be the spae of ontinuous linear funtionals on D.
For eah ϕσ1 ∈ D′ and ψσ1 ∈ D we write the evaluation of ϕσ1 on ψσ1 as if it were
given by integration, namely
〈ϕσ1 | ψσ1〉 =
∫
R
ϕ(p)ψ(p)dp.
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The multipliation operator ψσ1 7→ Jψσ1 on H has ontinuous spetrum [0,∞). For
eah eigenvalue λ ≥ 0, eigenvetors orresponding to λ are generalized setions ϕσ1
satisfying the equation
(p2 − 2λ)ϕ(p)σ1 = 0. (29)
If λ > 0, the eigenspae orresponding to λ is given by
ϕ(p)σ1 = Aδ(p−
√
2λ)σ1 +Bδ(p−
√
2λ)σ1,
where A and B are arbitrary onstants and δ is the Dira delta funtion. The
eigenspae orresponding to λ = 0 is the kernel of Q′J . It is given by
kerQ′J = {(Aδ(p) +Bδ′(p))σ1 | A,B ∈ C}. (30)
The ring of smooth G-invariant funtions on R2 is denoted by C∞(R2)G. A fun-
tion f(p, q) belongs to C∞(R2)G if f(p, q+pt) = f(q, p) for all t. In other words, f(p, q)
is in C∞(R2)G if and only if it is independent of q. Thus, elements f ∈ C∞(R2)G are
of the form f = k(p) for k ∈ C∞(R). For every f = k(p) ∈ C∞(R2)G, the ation of the
quantum operator Q′f on D′ preserves kerQ′J . For eah (Aδ(p)+Bδ′(p))σ1 ∈ kerQ′J ,
Q′k(p)(Aδ(p) +Bδ′(p))σ1 = (Ak (p)δ(p) +Bk(p)δ′(p))σ1 (31)
= (Ak (0)−Bk′(0))δ(p) +Bk(0)δ′(p))σ1 (32)
3.5.2 Redution at 0
In our example,
J = {f ∈ C∞(R2) | f = p2f˜ for f˜ ∈ C∞(R2)}.
For f ∈ C∞(R2), we denote by [f ] the equivalene lass of f in C∞(R2)/J . Using the
Taylor expansion of f(p, q) with respet to p we an see that [f ] is uniquely desribed
by the rst two terms f(0, q) + fp(0, q)p, where fp =
∂f
∂p
. Hene, we an make an
identiation
C∞(R2)/J ≡ {f(0, q) + fp(0, q)p | f ∈ C∞(R2)}
≡ {h1(q) + ph2(q) ∈ C∞(R2) | h1, h2 ∈ C∞(R)}.
Under this identiation, C∞(R2)/J is interpreted as a subspae of C∞(R2) and the
projetion map C∞(R2)→ C∞(R2)/J : f 7→ [f ] is a retration.
The ation of R on C∞(R2)/J is given by Φ˜∗t [f ] = [Φ∗t f ] for every t ∈ R, and
[f ] ∈ C∞(R2)/J . Sine (Φ∗t f)(p, q) = f(p, q + tp), it follows that
Φ˜∗t (h1(q) + ph2(q)) = h1(q + pt) + ph2(q + tp).
Dierentiating with respet to t and setting t = 0, we get
d
dt
Φ˜∗t (h1(q) + ph2(q))|t=0 = p
dh1(q)
dq
+ p2
dh2(q)
dq
.
20
Thus, an element h1(q) + ph2(q) of C
∞(R2)/J is invariant if h1 is onstant. Hene,
the redued algebra an be presented as follows.
(C∞(R2)/J )G ≡ {a+ ph(q) | a ∈ R, h ∈ C∞(R)} ⊂ C∞(R2).
On the other hand,
C∞(R2)G/J ≡ {a+ bp | a, b ∈ R} ⊂ C∞(R2).
For the polarization F = span{ ∂
∂q
} ⊗ C, the Poisson algebra of quantizable fun-
tions is C∞F (R
2) = {f1(p) + qf2(p) | f1, f2 ∈ C∞(R)}. Hene,
(C∞F (R
2)/J )G = {[f ] ∈ (C∞(R2)/J )G | f ∈ C∞F (P )}
≡ {a + bp+ cpq | a, b, c ∈ R} ⊂ C∞(R2).
Next, we identify the modules involved in quantization. We have
J S∞(L) = {p2ψ(q, p)σ1 | ψ ∈ C∞(R2)⊗ C}.
As before, we an identify the quotient S∞(L)/J S∞(L) as a submodule of S∞(L)
suh that the projetion map S∞(L) → S∞(L)/JS∞(L) : σ 7→ [σ] is a retration.
This identiation is given by
S∞(P, L)/JS∞(P, L) ≡ {(χ1(q) + pχ2(q))σ1 | χ1, χ2 ∈ C∞(R)⊗ C} ⊂ S∞(L).
Similarly,
S∞F (L) = {ψ(p)σ1 | ψ ∈ C∞(R)⊗ C} ⊂ S∞(L),
and we an make an identiation
S∞F (L)/J S∞(L) ≡ {(d+ ep)σ1 | d, e ∈ C} ⊂ S∞F (L)}.
It is easy to see that elements of S∞F (L)/J S∞(L) are G-invariant. In other words,
S∞F (L)/J S∞(L) = (S∞F (L)/J S∞(L))G.
If [f ] = a+bp+cpq and [σ] = (d+ep)σ1, then equations (25), (26), andQ[f ][σ] = [Qfσ]
give
Q[a+bp+cpq][(d+ ep)σ1] = {ad+ (bd+ ae− i~ce)p}σ1.
In partiular, if f = k(p) ∈ C∞(R2)G then [k(p)] = k(0) + k′(0)p, and
Q[k(p)][(d+ ep)σ1] = {k(0)d+ (k′(0)d+ k(0)e)p}σ1. (33)
By Corollary 9 there is a duality between (S∞F (L)/J S∞(L))G = {(d + ep)σ1 |
d, e ∈ C} and kerQ′J = {(Aδ(p) +Bδ′(p))σ1 | A,B ∈ C}. It is given by
〈(Aδ(p) +Bδ′(p))σ1 | (d+ ep)σ1〉 = Ad−Be.
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4 Non-zero o-adjoint orbits
4.1 Quantization
We turn now to quantization of algebrai redution at a non-zero oadjoint orbit O.
Reall that algebrai redution at O is dened as algebrai redution at 0 ∈ g∗ of the
ation of G on (P×O, pr∗1ω−pr∗2ωO). In other words, the Poisson algebra of algebrai
redution at O is (C∞(P × O)/JP×O)G, where JP×O is the ideal in C∞(P × O)
generated by omponents of the momentum map JP×O : P × O → g∗ given by (10).
Hene, quantization of algebrai redution at O is given by quantization of algebrai
redution of (P × O, pr∗1ω − pr∗2ωO) at the zero value of JP×O.
We assume that (O, ωO) is a quantizable oadjoint orbit. Let piO : LO → O be a
prequantization line bundle for (O, ωO) and ∇O a onnetion on LO with urvature
ωO. We assume that there is a G-invariant polarization FO of (O, ωO). To sim-
plify the notation, we denote by C∞F (O) the spae of funtions in C
∞(O) suh that
their Hamiltonian vetor elds preserve the polarization FO. Similarly, we denote by
S∞F (LO) the spae of smooth setions of LO whih are ovariantly onstant along FO.
Quantization assoiates to eah fO ∈ C∞F (O) a linear operator (QO)fO on the spae
S∞F (LO) given by
(QO)fOσO = (−i~(∇O)XfO + fO)σO (34)
for every σO ∈ S∞F (O). Here, XfO denotes the Hamiltonian vetor eld on O dened
in terms of the sympleti form ωO. We denote by RO the representation of G on
S∞F (O) obtained by integration of the representation ξ 7→ (−i~)−1(QO)Jξ of g.
Complex onjugation z 7→ z¯ in LO is an automorphism of a real vetor bundle
over O, but it onjugates the omplex struture. We denote by L¯O the omplex line
bundle over O with the onjugate omplex struture. If σO is a non-zero setion of
LO, then σ¯O is a non-zero setion of L¯O. Moreover, ∇OσO = −i~−1θO ⊗ σO implies
∇¯Oσ¯O = i~−1θ¯O ⊗ σ¯O. Thus, the pull bak by σ¯O of the onnetion form of ∇¯O
is given by θ¯O = −θO. Hene, −ωO is the urvature of the ∇¯O on L¯O. Moreover,
for fO ∈ C∞(O), the Hamiltonian vetor eld of fO relative to the sympleti form
−ωO is X¯fO = −XfO , where XfO is the Hamiltonian vetor eld with respet to ωO.
Therefore, for every σ¯O ∈ S∞(L¯O)
(∇¯O)X¯fO σ¯O = i~
−1〈θ¯O | X¯fO〉σ¯O = (−i~−1〈θO | XfO〉σ) = (∇O)XfOσO.
By assumption, FO is a positive polarization of (O, ωO), that is, iωO(w, w¯) ≥ 0
for all w ∈ FO. This implies that F¯O is a positive polarization of (O,−ωO). Thus,
the hosen quantization struture on (O, ωO) indues a quantization struture on
(O,−ωO) given by L¯O, ∇¯O, F¯O. We denote by S∞F¯ (L¯O) the spae of smooth setions
of L¯ whih are ovariantly onstant along F¯O. Similarly, we denote by C
∞
F¯
(O) the
Poisson algebra of funtions in C∞(O) suh that their Hamiltonian vetor elds with
respet to the sympleti form (−ωO) preserve the polarization F¯O. Sine funtions
in C∞(O) are real it follows that C∞
F¯
(O) = C∞F (O).
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Let QO : C∞F¯ (O) × S∞F¯ (L¯O) → S∞F¯ (L¯O) be the quantization map orresponding
to the quantiation struture L¯O, ∇¯O, F¯O. For every σ¯O ∈ S∞F¯ (L¯O), its omplex
onjugate σO = σ¯O is in S
∞
F (LO). Hene,
(QO)fOσO = ((−i~(∇O)XfO + fO)σO) = (−i~(∇¯O)X¯fO + fO)σ¯O = (QO)fO σ¯O.
We denote by RO the representation of G on S∞F¯ (O) obtained by integration of the
representation ξ 7→ (−i~)−1QJξ of g.
We onsider a line bundle piP×O : LP×O → P × O dened as the tensor produt
of the bundles pi : L→ P and p¯iO : L¯O → O. More preisely,
LP×O = pr
∗
1L⊗ pr∗2L¯O,
where pr∗1L and pr
∗
2L¯O are the pullbaks of L and L¯O by the projetion maps on the
rst and the seond fator of P × O, respetively. Loal setions of piP×O : LP×O →
P × O are linear ombinations of setions of the form σP×O = σ ⊗ σ¯O, where σ and
σ¯O are loal setions of L and L¯O, respetively. Let ∇P×O be a onnetion on LP×O
dened by
∇P×O(σ ⊗ σ¯O) = ∇σ ⊗ σ¯O + σ ⊗ ∇¯Oσ¯O.
The onnetion ∇P×O satises the prequantization ondition for ωP×O = pr∗1ω −
pr∗2ωO.
We hoose the polarization FP×O to be the diret sum F ⊕ F¯O. It is a strongly
admissible positive G-invariant polarization of (P × O, ωP×O). The spae of smooth
funtions on P ×O suh that their Hamiltonian vetor elds preserve the polarization
FP×O = F ⊕ F¯O will be denoted by C∞F (P × O). A setion σ ⊗ σ¯O of LP×O is
ovariantly onstant along FP×O if and only if σ is ovariantly onstant along F and
σ¯O is ovariantly onstant along F¯O. Therefore, the spae of smooth setions of LP×O
whih are ovariantly onstant along FP×O is
S∞F (LP×O) = S
∞
F (L)⊗ S∞F¯ (L¯O).
For eah f ∈ C∞F (P ), and fO ∈ C∞F (O), the quantization operators (QP×O)pr∗1f and
(QP×O)pr∗
2
fO on S
∞(LP×O) are given by
(QP×O)pr∗
1
f(σ ⊗ σ¯O) = (Qfσ)⊗ σ¯O,
(QP×O)pr∗
2
fO(σ ⊗ σ¯O) = σ ⊗ (QO)fO σ¯O.
Thus, the quantization representation RP×O of G on S∞F (LP×O) is the tensor produt
of the quantization representations R and RO.
Quantization of algebrai redution of (P × O, ωP×O) at 0 ∈ g∗ is interpreted as
the quantization of algebrai redution of (P, ω) at O. Hene, the Poisson algebra of
quantizable elements of (C∞(P × O)/JP×O)G in the polarization FP×O is (C∞F (P ×
O)/JP×O)G. The representation spae of quantization of algebrai redution at O
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is (S∞F (LP×O)/(JP×OS∞(LP×O)))G. Finally, quantization assigns to eah [fP×O] ∈
(C∞F (P × O)/JP×O)G an operator Q[fP×O] on (S∞F (LP×O)/JP×OS∞(LP×O))G suh
that
Q[fP×O][σP×O] = [(QP×O)fP×OσP×O].
4.2 Kähler polarizations revisited
We have seen that, for a Kähler polarization F , quantization of algebrai redution
at 0 ∈ g∗ provides omplete information about the spae of G-invariant polarized
setions of L. In this subsetion we are going to investigate to what extent quan-
tization of algebrai redution at a non-zero quantizable oadjoint orbit O provides
information about setions on whih the quantization representation is equivalent to
the irreduible representation orresponding to O.
We assume that the polarizations F and FO are Kähler, whih implies that FP×O =
F ⊕ F¯O is a Kähler polarization of (P × O, pr∗1ω − pr∗2ωO). In addition, we assume
that quantizations of (P, ω), (O, ωO), (O,−ωO) and (P × O, pr∗1ω − pr∗2ωO) in terms
of the hosen polarizations give rise to unitary representations U , UO, UO and UP×O
of G on Hilbert spaes H, HO, HO and HP×O = H ⊗HO, respetively. Here, HO is
the Hilbert spae of square integrable setions of L¯O whih are ovariantly onstant
along F¯O. This implies that the representation UP×O of G on HP×O is the tensor
produt of the representation U on H and the representation UO on HO. We assume
also that the representation UO is irreduible.
There is a natural bilinear pairing of HO and HO given as follows. For σO ∈ HO
and σ¯′O ∈ HO, the omplex onjugate of σ¯′O is σ′O ∈ HO. We dene the pairing
〈σO | σ¯′O〉 to be the salar produt (σO | σ′O)HO of σO and σ′O in HO. In other words,
〈· | ·〉 : HO ×HO → C : (σO, σ¯′O) 7→ 〈σO | σ¯′O〉 = (σO | σ′O)HO .
In the following, we denote elements of HP×O by τ in order to simplify the nota-
tion. Eah τ ∈ HP×O = H⊗HO gives rise to a ontinuous linear map Θτ : HO →H
suh that, if τ = σ1⊗σ¯1O+ ...+σk⊗σ¯kO, for some k ∈ N, where σ1, ..., σk and σ¯1O, ..., σ¯kO
are linearly independent setions of L and L¯O, respetively, then
Θτσ
′
O = 〈σ′O | σ¯1O〉σ1 + ...+ 〈σ′O | σ¯kO〉σk (35)
for every σ′O ∈ HO.
Sine UP×O = U ⊗ UO it follows that, for every g ∈ G,
(UP×O)g(σ1 ⊗ σ¯1O + ... + σk ⊗ σ¯kO) =
= (Ug ⊗ (UO)g)(σ1 ⊗ σ¯1O + ...+ σk ⊗ σ¯kO)
= Ugσ1 ⊗ (UGO)gσ¯1O + ... + Ugσk ⊗ (U
G
O)gσ¯
k
O.
Hene, G-invariane of τ = σ1 ⊗ σ¯1O + ... + σk ⊗ σ¯kO means
Ugσ1 ⊗ (UO)gσ¯1O + ...+ Ugσk ⊗ (UO)gσ¯kO = σ1P ⊗ σ¯1O + ... + σkP ⊗ σ¯kO
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for all g ∈ G. We denote by HGP×O the spae of G-invariant elements of HP×O. In
other words,
HGP×O = {τ ∈ HP×O | (UP×O)gτ = τ for all g ∈ G}.
For τ ∈ HGP×O, the map Θτ intertwines the ations of G on HO and H. In other
words, for eah g ∈ G,
Θτ (UO)g = UgΘτ . (36)
If τ 6= 0, then the restrition U|range Θτ of the representation U to the range of Θτ is
a representation of G on the range of Θτ equivalent to UO. For τ , τ ′ ∈ HGP×O, if the
intersetion of the range of Θτ and the range of Θτ ′ is not empty6= 0, then Θτ and
Θτ ′ have the same range and τ
′
is proportional to τ . Thus, to eah one-dimensional
subspae of HGP×O, generated by τ 6= 0, there orresponds an invariant subspae
Hτ = range Θτ of H on whih the quantization representation U is equivalent to UO.
Let Θ∗τ : H → HO denote the adjoint of Θτ . For eah σ ∈ H and σO ∈ HO,
(Θ∗τσ | σO)HO = (σ | ΘτσO),
where (· | ·) is the salar produt in H. Sine the quantization representations UO
and U are unitary, equation (36) implies that
((UO)gΘ∗τσ | σO)HO = (Θ∗τσ | (UO)g−1σO)HO = (σ | Θτ (UO)g−1σO) =
= (σ | Ug−1ΘτσO) = (Ugσ | ΘτσO) = (Θ∗τUgσ | σO)HO
for all σO ∈ HO, σ ∈ H, and g ∈ G. Hene, Θ∗τUg = (UO)gΘ∗τ . Therefore,
(UO)gΘ∗τΘτ = Θ∗τUgΘσ = Θ∗σΘσ(UO)g.
Sine UO is irreduible, Shur's Lemma implies that the mapping Θ∗τΘτ : HO → HO
is a multiple of identity on HO. Thus, Θ∗τΘτ = λτ IdHO . On the other hand,
(ΘτΘ
∗
τ )
2 = ΘτΘ
∗
τΘτΘ
∗
τ = Θτ (Θ
∗
τΘτ )Θ
∗
τ = Θτ (λτ IdHO)Θ
∗
τ = λτΘτΘ
∗
τ .
If τ 6= 0, then λτ > 0, and taking τ ′ = (λτ )−1/2τ , we get λτ ′ = 1, and (Θτ ′Θ∗τ ′)2 =
Θτ ′Θ
∗
τ ′. For eah σ, σ
′ ∈ H, we have
(σ | Θτ ′Θ∗τ ′σ′) = (Θ∗τ ′σ | Θ∗τ ′σ′) = (Θτ ′Θ∗τ ′σ | σ′) ,
whih implies that Θτ ′Θ
∗
τ ′ is self adjoint onH. Thus, Θτ ′Θ∗τ ′ is the projetion operator
onto Hτ = Hτ ′. In partiular, it implies that Hτ ′ is a losed subspae of H. For every
σO and σ
′
O in HO
(σO | σ′O)HO = (σO | IdHOσ′O)HO = (σO | Θ∗τ ′Θτ ′σ′O)HO = (Θτ ′σO | Θτ ′σ′O) ,
whih implies that Θτ ′ : HO →H is an isometry. Thus, the restrition of U to Hτ ′ is
unitarily equivalent to UO.
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Conversely, let E be a losed G-invariant subspae of H suh that the restrition
of U to E is unitarily equivalent to UO. This means that there exists an isometry
Θ : HO → H with rangeΘ = E suh that U ◦ Θ = Θ ◦ UO. Sine HP×O = H ⊗ H¯O
is naturally isomorphi to Hom(HO,H) and Θ is G-equivariant, it follows that there
exists τ ∈ HGP×O suh that Θ = Θτ . Hene, losed subspaes of H on whih the
restrition of U is unitarily equivalent to UO are ompletely determined by HGP×O.
Let (τ i)i∈N be a basis in HGP×O. Without loss of generality, we may hoose setions
τ i so that operators Θτ iΘ
∗
τ i
are projetions onto mutually orthogonal subspaes of H.
Then,
ΠO =
∑
i
Θτ iΘ
∗
τ i
(37)
is a projetion operator onto a subspae of H on whih U is equivalent to a diret
sum of UO with multipliity given by the dimension of HGP×O whih may be innite.
By Theorem 6, there is a natural isomorphism Ξ of the spae S∞F (LP×O)
G
of G-
invariant polarized setions of LP×O onto the representation spae of quantization of
algebrai redution at O provided J−1P×O(0) ontains a Lagrangian manifold. Hene,
the subspae Ξ(HGP×O) of the representation spae of quantization of algebrai re-
dution at O gives a omplete desription of the losed subspae of H on whih U is
unitarily equivalent to a diret sum of UO with multipliity given by the dimension
of HGP×O.
We summarize our results below.
Theorem 10 Assume the following:
1. (P, ω) is a quantizable Kähler manifold, L → P is a prequantization line bundle,
and F is the distribution of antiholomorphi diretions on P. There is an ation of a
onneted Lie group G on P whih preserves F and has an Ad∗-equivariant momen-
tum map J : P → g∗. Moreover, quantization of (P, ω) gives a unitary representation
U of G on the spae H of square integrable holomorphi setions of L→ P .
2. O is a quantizable oadjoint orbit of G admitting a Kähler polarization FO suh
that quantization of (O, ωO) in terms of the polarization FO gives rise to an irreduible
unitary representation UO of G.
3. There exists a Lagrangian subspae of (P, ω) ontained in J−1(O).
Then, quantization of algebrai redution at O, denes a projetion operator ΠO on
H with losed range on whih the quantization representation U is unitarily equivalent
to a multiple of UO.
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